The sizes of optimal (n,4,λ,3) optical orthogonal codes  by Huang, Yuemei & Chang, Yanxun
Discrete Mathematics 312 (2012) 3128–3139
Contents lists available at SciVerse ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
The sizes of optimal (n, 4, λ, 3) optical orthogonal codes✩
Yuemei Huang, Yanxun Chang ∗
Institute of Mathematics, Beijing Jiaotong University, Beijing 100044, PR China
a r t i c l e i n f o
Article history:
Received 11 November 2011
Received in revised form 3 July 2012
Accepted 5 July 2012
Available online 25 July 2012
Keywords:
Optical orthogonal code
Optimal
Group action
Orbit
Size
a b s t r a c t
Let Φ(n, k, λa, λc) denote the largest possible size among all (n, k, λa, λc)-OOCs. An
(n, k, λa, λc)-OOC with Φ(n, k, λa, λc) codewords is said to be optimal. In this paper, the
exact value of Φ(n, 4, λ, 3) is determined. Equivalently, the size of an optimal (n, 4, λ, 3)
optical orthogonal code is calculated.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The study of optical orthogonal codes (OOCs) has beenmotivated by an application in fiber optical code-divisionmultiple-
access (OCDMA) system. The use of OOCs enables a large number of asynchronous users to transmit information effectively
and reliably. In the present, the optical orthogonal codes also find application in mobile radio, frequency-hopping spread-
spectrum communications, radar and sonar signal design. For more details, the reader may refer to [17,20,21,23,24].
Let n, k, λa and λc be positive integers. An (n, k, λa, λc) optical orthogonal code (briefly (n, k, λa, λc)-OOC), C, is a family
of (0, 1)-sequences (called codewords) of length nwith Hamming weight k satisfying the following two properties:
(1) (The auto-correlation property)
n−1
i=0 xixi+τ ≤ λa for any x = (x0, x1, . . . , xn−1) ∈ C and any integer τ ≢ 0 (mod n);
(2) (The cross-correlation property)
n−1
i=0 xiyi+τ ≤ λc for any x = (x0, x1, . . . , xn−1) ∈ C, y = (y0, y1, . . . , yn−1) ∈ C with
x ≠ y, and any integer τ ,
where the arithmetic i + τ is reduced modulo n. The number of codewords of C is called the size of C. Let Φ(n, k, λa, λc)
denote the largest possible size of any (n, k, λa, λc)-OOC. An (n, k, λa, λc)-OOC withΦ(n, k, λa, λc) codewords is said to be
optimal (or maximum). When λa = λc = λ, the notations of (n, k, λ)-OOC andΦ(n, k, λ) are employed for brevity.
Research on optimal OOCs has concentrated on the case λa = λc in many papers; see, for example, [1–4,6–16,18,19,25,
27,28]. But a few has been done about the case λa ≠ λc . The reader may refer to [5,22,26].
In what follows, let

Zn
k

be the set of all k-subsets of Zn, the residue ring of integers modulo n. The notion of OOCs can be
more conveniently reformulated by using the set notion. By identifying codewords in C, with k-subsets (called codeword-
set) of Zn representing the indices of the nonzero positions in a (0, 1)-sequence, C can be viewed as a family F ⊆

Zn
k

satisfying the following two properties:
✩ The work was supported by NSFC grant Nos 61071221 and 10831002.∗ Corresponding author.
E-mail address: yxchang@bjtu.edu.cn (Y. Chang).
0012-365X/$ – see front matter© 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2012.07.007
Y. Huang, Y. Chang / Discrete Mathematics 312 (2012) 3128–3139 3129
(1
′
) (The auto-correlation property) |X(X + i)| ≤ λa for any X ∈ F and every i ∈ Zn \ {0};
(2
′
) (The cross-correlation property) |X(Y + i)| ≤ λc for any X, Y ∈ F with X ≠ Y and every i ∈ Zn,
where X + i = {x+ i : x ∈ X} and all the additive operations are performed in Zn.
Following [22], for any X ∈

Zn
k

, we define the list of differences of X by
1X = {j− i : i, j ∈ X, i ≠ j}
as a multiset, and the support of1X denoted by supp(1X), as the set of underlying elements in1X . Define
λ(X) = max{mi(1X) : i ∈ 1X},
wheremi(1X) denote the multiplicity of i in1X . Then we have
λ(X) = max{|X ∩ (X + s)| : s ∈ Zn \ {0}}. (1.1)
For any B ∈

Zn
k

and g ∈ Zn, define B + g = {x + g : x ∈ B}. Then Zn acts on

Zn
k

. The orbit of a k-subset B in

Zn
k

is
the set {B + g : g ∈ Zn}. The orbit of B is denoted by O(B). If the size of O(B) is n, then the orbit is said to be full, otherwise
short . It is obvious that the set

Zn
k

can be partitioned into some orbits under the action of Zn.
From the definition of an (n, k, λa, λc)-OOC and formula (1.1), we have the following lemma.
Lemma 1.1. Let n, k and a be positive integers and a ≤ k − 1. An (n, k, a, k − 1)-OOC is a set F of distinct representatives of
full orbits in

Zn
k

under the action of Zn satisfying that a = max{λ(X) : X ∈ F }. Furthermore,Φ(n, k, a, k− 1) is the number
of all full orbits O(X) in

Zn
k

under the action of Zn satisfying that λ(X) ≤ a.
From the definition of (n, k, λa, λc)-OOC, the parametersλa andλc require thatλa ≤ k andλc ≤ k−1.Whenλa = k−1, k
andλc = k−1, the value ofΦ(n, k, λa, λc)has been determined in [27]. In this paper,wewill give the existence of an optimal
(n, 4, a, 3)-OOC for a = 1, 2, which is equivalent to determine the exact value of Φ(n, 4, a, 3) for a = 1, 2. Let F ⊆

Zn
4

be an optimal (n, 4, a, 3)-OOC. From Lemma 1.1, we know that Φ(n, 4, a, 3) for a = 1, 2 is the number of some full orbits
in

Zn
4

. In the following our work is to seek out the number of these full orbits with certain restrictions.
2. Useful lemmas
To determine the exact value ofΦ(n, 4, a, 3) for a = 1, 2, we quote the following lemmas presented in [22,27].
Let θ be any orbit in

Zn
k

under the action of Zn. If X, Y ∈ θ , then1X = 1Y and λ(X) = λ(Y ). Without loss of generality,
we can assume that a representative X of orbit θ is of the form {0, a1, . . . , ak−1}.
Lemma 2.1 ([22, Lemma 2.6]). Let θ be any orbit in

Zn
4

under the action of Zn and let X = {0, x, y, z} ∈ θ . Then the two
equations hold:
|supp(1X)| =

3, iff X =
n
4

Zn;
4, iff X ⊂
n
5

Zn;
5, iff X =

0, a,
n
2
,
n
2
+ a

, or X ⊂
n
6

Zn except for |supp(1X)| = 3;
6, iff X = {0, a, 2a, 3a}, or X ⊂
n
7

Zn except for |supp(1X)| = 3, 4 and 5;
7, iff X =

0, a,
n
2
, n− a

, X =

0, a,
n
2
− a, n
2

, or X ⊂
n
8

Zn
except for |supp(1X)| = 3, 5 and 6;
8, iff X = {0, a, a+ b, 2a+ b}, X =

0, a,
n
3
,
2n
3

, or X = {0, a, 2a, 4a}
except for |supp(1X)| = 3, 4, 5, 6 and 7;
9, iff X =

0, a, 2a,
n
2

or X =

0, a,
n
2
,
3n
4

except for |supp(1X)| = 3, 5 and 7;
10, iff X = {0, a, 2a, 2a+ b} except for |supp(1X)| = 3, 4, 5, 6, 7, 8 and 9;
11, iff X =

0, a, b,
n
2

except for |supp(1X)| = 3, 5, 7 and 9.
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λ(X) =

4, iff |supp(1X)| = 3 or 5

X =

0, a,
n
2
,
n
2
+ a

;
3, iff |supp(1X)| = 4, 5

X =

0,
n
6
,
n
3
,
n
2

, X =

0,
n
6
,
n
3
,
2n
3

,
6(X = {0, a, 2a, 3a}) or 8

X =

0, a,
n
3
,
2n
3

;
2, iff |supp(1X)| = 6, 7, 8, 9, 10 or 11 except for the case λ(X) = 3;
1, iff |supp(1X)| = 12.
Lemma 2.2 ([27, Theorem 5]). Let n and k be positive integers. Then
Φ(n, k, k− 1) = 1
n

d|(k,n)
µ(d)

n
d
k
d

.
Taking k = 4 in Lemma 2.2, we have the following corollary. This gives the number of all full orbits under the action of
Zn on

Zn
4

.
Corollary 2.3. Let n be a positive integer. Then the number of all full orbits under the action of Zn on

Zn
4

is
Φ(n, 4, 3) =

(n− 1)(n− 2)(n− 3)
24
, n ≡ 1 (mod 2),
n(n− 2)(n− 4)
24
, n ≡ 0 (mod 2).
For a = 1, 2, by Lemma 1.1,Φ(n, 4, a, 3) is the number of all full orbitsO(X) in

Zn
4

under the action of Zn withλ(X) ≤ a.
Denote byΩ(a) the set of all full orbits O(X) in

Zn
4

under the action of Zn with λ(X) = a+ 1. The following lemma then
follows immediately.
Lemma 2.4. Let n be a positive integer and a = 1, 2. Then
Φ(n, 4, a, 3) = Φ(n, 4, a+ 1, 3)− |Ω(a)|,
whereΩ(a) is the set of all full orbits O(X) in

Zn
4

under the action of Zn with λ(X) = a+ 1.
In the following sections we will calculate the cardinality ofΩ(a) for a = 1, 2.
3. Exact value ofΦ(n, 4, 2, 3)
To give the exact value ofΦ(n, 4, 2, 3), from Lemma 2.4 and Corollary 2.3, we only need to compute |Ω(2)|, whereΩ(2)
is the set of all full orbits O(X) in

Zn
4

under the action of Zn with λ(X) = 3. By Lemma 2.1, Ω(2) can be written as the
union of disjoint setsΩi for 1 ≤ i ≤ 4, that is,Ω(2) =4i=1Ωi, where
Ω1 =

O(X) : X ⊂
n
5

Zn

,
Ω2 =

O(X) : X =

0,
n
6
,
n
3
,
n
2

,

0,
n
6
,
n
3
,
2n
3

,
Ω3 = {O(X) : X = {0, a, 2a, 3a}, a ∈ Zn \ {0} and |supp(1X)| = 6},
Ω4 =

O(X) : X =

0, a,
n
3
,
2n
3

, a ∈ Zn \ {0} and |supp(1X)| = 8

.
Therefore, we have |Ω(2)| =4i=1 |Ωi|. Next we compute the cardinality ofΩi for 1 ≤ i ≤ 4, respectively.
Lemma 3.1. Let n be a positive integer. Then |Ω1| = 1 if 5|n or 0 otherwise, and |Ω2| = 2 if 6|n or 0 otherwise.
Proof. It follows immediately by the definition ofΩi for i = 1, 2. 
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Lemma 3.2. Let n be a positive integer. Then |Ω3| = ⌊ n2⌋ − ϵ, where ϵ is the number of integers 1 ≤ a ≤ ⌊ n2⌋ satisfying that
there is some r ∈ {4, 5, 6} such that ra ≡ 0 (mod n).
Proof. Let θ be any orbit in Ω3. Note that {0, a, 2a, 3a} and {0,−a,−2a,−3a} are in the same orbit. By the definition of
the set Ω3, then θ = O(X) where X = {0, a, 2a, 3a}, 1 ≤ a ≤ ⌊ n2⌋ and |supp(1X)| = 6. Since 1X = {±a,±a,±a,±2a,±2a,±3a}, the elements±a,±2a and±3a in1X are mutually different, which is equivalent to that ra ≢ 0 (mod n)
for any r ∈ {4, 5, 6}. On the other hand, let X ′ = {0, a′, 2a′, 3a′} with 1 ≤ a′ ≤ ⌊ n2⌋. If X and X ′ are in the same orbit, then
a′ = a. Hence, |Ω3| is the number of integers a such that 1 ≤ a ≤ ⌊ n2⌋ and ra ≢ 0 (mod n) for any r ∈ {4, 5, 6}, that is,|Ω3| = ⌊ n2⌋ − ϵ. 
Lemma 3.3. Let n be a positive integer. Then
|Ω4| =

n− 3
3
, n ≡ 3 (mod 6),
n− 6
3
, n ≡ 0 (mod 6),
0, n ≢ 0 (mod 3).
Proof. It is clear that |Ω4| = 0 ifn ≢ 0 (mod 3).When n ≡ 0 (mod 3), let θ be any orbit inΩ4. Note that {0, a, n3 , 2n3 }, {0, n3+
a, n3 ,
2n
3 } and {0, 2n3 +a, n3 , 2n3 } are in the same orbit. By the definition ofΩ4, then θ = O(X)where X = {0, a, n3 , 2n3 }, 1 ≤ a <
n
3 and |supp(1X)| = 8. Since1X = {±a,± n3 ,± n3 ,± n3 ,±( n3−a),±( 2n3 −a)}, the elements±a,± n3 ,±( n3−a) and±( 2n3 −a)
in 1X are mutually different, which is equivalent to that 6a ≢ 0 (mod n). Let X ′ = {0, a′, n3 , 2n3 }, where 1 ≤ a′ < n3 . If X
and X ′ are in the same orbit, then∆(X) = ∆(X ′). That is {±a,±( n3 − a),±( 2n3 − a)} = {±a′,±( n3 − a′),±( 2n3 − a′)}, which
implies that a′ = a, or a′ = n/3− a. If a′ = n/3− a, then there is some x ∈ Zn such that X = X ′+ x (it is impossible). Hence,
|Ω4| is the number of integers a such that 1 ≤ a < n3 and 6a ≢ 0 (mod n), and hence the proof is completed. 
Theorem 3.4. Let n be a positive integer.
(1) If n is odd, then
Φ(n, 4, 2, 3) =

(n− 6)(n2 − 1)
24
, (n, 15) = 1,
(n− 6)(n2 − 9)
24
, (n, 15) = 3,
(n+ 2)(n− 3)(n− 5)
24
, (n, 15) = 5,
n3 − 6n2 − 9n+ 78
24
, (n, 15) = 15.
(2) If n is even, then
Φ(n, 4, 2, 3) =

(n− 6)(n2 − 4)
24
, (n, 60) = 2,
(n− 6)(n2 − 12)
24
, (n, 60) = 6,
(n− 4)(n2 − 2n− 12)
24
, (n, 60) = 4, 10,
n3 − 6n2 − 12n+ 96
24
, (n, 60) = 12, 30,
n3 − 6n2 − 4n+ 72
24
, (n, 60) = 20,
n3 − 6n2 − 12n+ 120
24
, (n, 60) = 60.
Proof. From Lemma 2.4, we have Φ(n, 4, 2, 3) = Φ(n, 4, 3) − |Ω(2)|, where |Ω(2)| = 4i=1 |Ωi|. When n is odd and
(n, 15) = 1, by Corollary 2.3 and Lemmas 3.1–3.3, we haveΦ(n, 4, 3) = (n−1)(n−2)(n−3)/24, |Ω1| = |Ω2| = |Ω4| = 0
and |Ω3| = (n − 1)/2. Hence, Φ(n, 4, 2, 3) = (n − 6)(n2 − 1)/24. For other cases, the conclusion follows by similar
computations. 
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4. Exact value ofΦ(n, 4, 1, 3)
In this section, we will determine the exact value of Φ(n, 4, 1, 3). From Lemma 2.4 and Theorem 3.4, we only need to
compute |Ω(1)|, whereΩ(1) is the set of all full orbits O(X) in

Zn
4

under the action of Zn with λ(X) = 2. By Lemma 2.1,
Ω(1) can be written as the union of disjoint setsΩi for 6 ≤ i ≤ 11, that is,Ω(1) =11i=6Ωi, where
Ω6 =

O(X) : X ⊂
n
7

Zn, λ(X) = 2

,
Ω7 =

O(X) : X =

0, a,
n
2
, n− a

,

0, a,
n
2
− a, n
2

, a ∈ Zn \ {0} or X ⊂
n
8

Zn, and |supp(1X)| = 7

,
Ω8 = {O(X) : X = {0, a, a+ b, 2a+ b}, {0, a, 2a, 4a}, a, b ∈ Zn \ {0} and |supp(1X)| = 8},
Ω9 =

O(X) : X =

0, a, 2a,
n
2

,

0, a,
n
2
,
3n
4

, a ∈ Zn \ {0} and |supp(1X)| = 9

,
Ω10 = {O(X) : X = {0, a, 2a, 2a+ b}, a, b ∈ Zn \ {0} and |supp(1X)| = 10},
Ω11 =

O(X) : X =

0, a, b,
n
2

, a ≠ b ∈ Zn \ {0} and |supp(1X)| = 11

.
Therefore, we have |Ω(1)| =11i=6 |Ωi|. Next we compute the cardinality ofΩi for 6 ≤ i ≤ 11, respectively.
Lemma 4.1. Let n be a positive integer. Then |Ω6| = 2 if 7|n or 0 otherwise.
Proof. From the definition of Ω6, it is not difficult to verify that Ω6 contains only two orbits X = {0, n7 , 2n7 , 4n7 } and
{0, n7 , 2n7 , 5n7 } satisfying λ(X) = 2. The result then follows immediately. 
Lemma 4.2. Let n be a positive integer. Then
|Ω7| =

0, n ≡ 1 (mod 2),
n
2
, n ≡ 0 (mod 24),
n+ 4
2
, n ≡ 8, 16 (mod 24),
n
2
− ε1, otherwise,
where ϵ1 is the number of integers 1 ≤ a ≤ n2 satisfying that there is some r ∈ {4, 6} such that ra ≡ 0 (mod n).
Proof. It is obvious that |Ω7| = 0 when n ≡ 1 (mod 2). When n is even, we divide the set Ω7 into the following three
disjoint subsets:
Ω7,1 =

O(X) : X =

0, a,
n
2
, n− a

, a ∈ Zn \ {0} and |supp(1X)| = 7

;
Ω7,2 =

O(X) : X =

0, a,
n
2
− a, n
2

, a ∈ Zn \ {0} and |supp(1X)| = 7

;
Ω7,3 =

O(X) : X ⊂
n
8

Zn, X ∉ Ω7,1 ∪Ω7,2 and |supp(1X)| = 7

,
then |Ω7| =3i=1 |Ω7,i|. We compute |Ω7,i|, i = 1, 2 and 3, separately.
(1) Wewill prove that |Ω7,1| = (n−2ε1)/4. In fact, let θ be any orbit inΩ7,1. Note that {0, a, n2 , n−a} and {0, n2+a, n2 , n2−a}
are in the same orbit. By the definition of Ω7,1, then θ = O(X) where X = {0, a, n2 , n − a}, 1 ≤ a ≤ n2 and|supp(1X)| = 7. Since 1X = {±a,±a,± n2 ,±( n2 − a),±( n2 − a),±2a}, the elements ±a,±2a, n2 , and ±( n2 − a)
are mutually different. Equivalently, ra ≢ 0(mod n) for any r ∈ {4, 6}. Let X ′ = {0, a′, n2 , n− a′} with 1 ≤ a′ ≤ n2 . It is
shown that X and X ′ are in the same orbit if and only if a′ = a, or n2 − a. Hence, |Ω7,1| = (n/2− ε1)/2.
(2) Similar arguments as those of (1) give that |Ω7,2| = (n− 2ϵ1)/4.
(3) Let θ be any orbit inΩ7,3. By the definition ofΩ7,3, θ = O(X)where X ⊂ ( n8 )Zn, X ∉ Ω7,1 ∪Ω7,2 and |supp(1X)| = 7.
It is readily checked that Ω7,3 contains only four orbits X = {0, 2n8 , 6n8 , rn8 }, r ∈ {1, 3, 5, 7}, which satisfy the above
conditions. Hence we have |Ω7,3| = 4 if 8|n or 0 otherwise.
The conclusion follows immediately by combining the facts and |Ω7| =3i=1 |Ω7,i|. 
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To determine the cardinality of the setΩ8, we also divideΩ8 into the following two disjoint subsets:
Ω8,1 = {O(X) : X = {0, a, a+ b, 2a+ b}, a, b ∈ Zn \ {0} and |supp(1X)| = 8},
Ω8,2 = {O(X) : X = {0, a, 2a, 4a}, a ∈ Zn \ {0} and |supp(1X)| = 8},
then |Ω8| = |Ω8,1| + |Ω8,2|. In the following, we compute the values of |Ω8,1| and |Ω8,2|, separately.
Lemma 4.3. Let n be a positive integer.
(1) If n is odd, then
|Ω8,1| =

(n− 1)(n− 7)
8
, (n, 15) = 1,
(n− 3)(n− 5)
8
, (n, 15) = 3, 5,
n2 − 8n+ 23
8
, (n, 15) = 15.
(2) If n is even, then
|Ω8,1| =

(n− 2)(n− 10)
8
, (n, 60) = 2,
(n− 4)(n− 8)
8
, (n, 60) = 4,
(n− 6)2
8
, (n, 60) = 6,
n2 − 12n+ 28
8
, (n, 60) = 10,
n2 − 12n+ 48
8
, (n, 60) = 12,
n2 − 12n+ 40
8
, (n, 60) = 20,
n2 − 12n+ 44
8
, (n, 60) = 30,
n2 − 12n+ 56
8
, (n, 60) = 60.
Proof. Let θ be any orbit inΩ8,1. By the definition ofΩ8,1, θ can bewritten as θ = O(X)whereX = {0, a, a+b, 2a+b}, a, b ∈
Zn \{0} and |supp(1X)| = 8. Since1X = {±a,±a,±(a+b),±(a+b),±b,±(2a+b)}, the elements±a,±(a+b),±b, and
±(2a+b) in1X aremutually different. Equivalently, 2a ≢ 0 (mod n), b ≢ ra (mod n) for r = −3, 1, and 2b ≢ −ta (mod n)
for 0 ≤ t ≤ 4. Let
A = {(a, b) : a, b ∈ [1, n− 1], 2a ≢ 0 (mod n), b ≢ ra (mod n) for r = −3, 1, and 2b ≢ −ta (mod n)
for 0 ≤ t ≤ 4}.
Thismeans that any orbit θ inΩ8,1 can be expressed as θ = O(a, b) for some (a, b) ∈ A, whereO(a, b) = O({0, a, a+b, 2a+
b}). Define a mapping τ from A toΩ8,1 by (a, b)→ O(a, b) for any (a, b) ∈ A. Obviously τ is a surjection from A ontoΩ8,1.
For any given θ ∈ Ω8,1, we will compute the cardinality of τ−1(θ) ⊆ A. Suppose that θ = O(a, b) for some (a, b) ∈ A.
If (a′, b′) ∈ τ−1(θ), we then have O(a, b) = O(a′, b′) and hence ∆({0, a, a + b, 2a + b}) = ∆({0, a′, a′ + b′, 2a′ + b′}),
which gives {±a,±(a+ b)} = {±a′,±(a′ + b′)} and {±b,±(2a+ b)} = {±b′,±(2a′ + b′)}. It is not difficult to show that
(a′, b′) ∈ B(a, b), where B(a, b) = {(a, b), (−a,−b), (a,−2a − b), (−a, 2a + b), (a + b,−b), (−a − b, b), (a + b,−2a −
b), (−a − b, 2a + b)}. This gives that τ−1(θ) ⊆ B(a, b). On the other hand, if (a′, b′) ∈ B(a, b), then it is easy to show that
τ(a′, b′) = O(a, b) and hence (a′, b′) ∈ τ−1(θ). Note that any two elements in B(a, b) are pairwise distinct. Therefore, we
have |τ−1(θ)| = |B(a, b)| = 8 for any orbit θ ∈ Ω8,1. This gives |Ω8,1| = |A|/8.
Now we compute the size of |A|. Let A1 = {(a, b) : a, b ∈ [1, n − 1], 2a ≢ 0 (mod n)} and A2 be the subset of A1
such that b ≡ ra (mod n) for r = −3, 1, and 2b ≡ −ta (mod n) for 0 ≤ t ≤ 4. By the definition of A, clearly we have
|A| = (n− 1)2 − |A2| if n is odd, or |A| = (n− 1)(n− 2)− |A2| if n is even.
Next we compute the size of A2. When n is odd, then A2 = {(a, b) : a ∈ [1, n − 1], b ∈ Sa} where Sa = [1, n − 1] ∩
{a,−a,−2a,−3a, (n−a)/2, (n−3a)/2} for a ∈ [1, n−1]. Note that elements in {a,−a,−2a,−3a, (n−a)/2, (n−3a)/2}
may be repeated. It is easy to prove that
|Sa| =
2, 3a ≡ 0 (mod n),
4, 5a ≡ 0 (mod n),
6, otherwise.
3134 Y. Huang, Y. Chang / Discrete Mathematics 312 (2012) 3128–3139
Note that 3a ≡ 0 (mod n) and 5a ≡ 0 (mod n) imply that 3|n and 5|n, respectively. Hence, we have
|A2| =
n−1
a=1
|Sa| =
6(n− 1), (n, 15) = 1,
6n− 14, (n, 15) = 3, 5,
6n− 22, (n, 15) = 15.
The conclusion then follows for the odd case of n.
When n is even, then A2 = {(a, b) : a ∈ [1, n−1] \ {n/2}, b ∈ Sa}where Sa = [1, n−1]∩ {a,−a,−2a,−3a, n/2, n/2−
a, n/2−2a} for a ∈ [1, n−1]\{n/2} and a is odd; or Sa = [1, n−1]∩{a,−a,−2a,−3a, n/2,−a/2, (n−a)/2,−3a/2, (n−
3a)/2, n/2− a, n/2− 2a} for a ∈ [1, n− 1] \ {n/2} and a is even. It is not difficult to show that if a ∈ [1, n− 1] \ {n/2} and
a is odd
|Sa| =
3, 4a ≡ 0 (mod n),
5, 6a ≡ 0 (mod n),
7, otherwise,
or if a ∈ [1, n− 1] \ {n/2} and a is even
|Sa| =

5, 3a ≡ 0 (mod n),
7, 4a ≡ 0 (mod n),
9, 5a ≡ 0 (mod n), or 3a ≡ n
2
(mod n),
11, otherwise.
Note that 3a ≡ 0 (mod n), 4a ≡ 0 (mod n) and 5a ≡ 0 (mod n) imply that 3|n, 4|n and 5|n, respectively. Also, note that
there are n2−δ odd integers and n2−2+δ even integers in [1, n−1]\{n/2}, where δ is 1 if n/2 is odd, otherwise 0.We just give
two examples, if (n, 60) = 2, then δ = 1; in this case we have |A2| =a∈[1,n−1]\{ n2 } |Sa| = 7× (n/2−1)+11× (n/2−1) =
9n− 18. When (n, 60) = 4, then δ = 0, and if n ≡ 4 (mod 8), then |A2| =a∈[1,n−1]\{ n2 } |Sa| = 3× 2+ 7× (n/2− 2)+
11× (n/2−2) = 9n−30. If n ≡ 0 (mod 8), then |A2| =a∈[1,n−1]\{ n2 } |Sa| = 7×2+7×n/2+11× (n/2−4) = 9n−30.
It shows that, if (n, 60) = 4, then |A2| = 9n − 30. The other cases are similarly considered but more complicated. Careful
calculations show that
|A2| =

a∈[1,n−1]\{ n2 }
|Sa| =

9n− 18, (n, 60) = 2,
9n− 30, (n, 60) = 4,
9n− 34, (n, 60) = 6,
9n− 26, (n, 60) = 10,
9n− 46, (n, 60) = 12,
9n− 38, (n, 60) = 20,
9n− 42, (n, 60) = 30,
9n− 54, (n, 60) = 60.
Combining the formula and |A| = (n− 1)(n− 2)− |A2|, the conclusion then follows for the even case of n. 
Lemma 4.4. Let n be a positive integer. Then |Ω8,2| = n− 1− ϵ2, where ϵ2 is the number of integers 1 ≤ a ≤ n− 1 satisfying
that there is some r ∈ {5, 6, 7, 8} such that ra ≡ 0 (mod n).
Proof. The conclusion follows by similar arguments as those of Lemma 3.2. 
Lemma 4.5. Let n be a positive integer. Then
|Ω9| =

0, n ≡ 1 (mod 2),
n− 2, (n, 24) = 2,
2n− 8, (n, 24) = 4,
n− 6, (n, 24) = 6,
2n− 16, (n, 24) = 8,
2n− 12, (n, 24) = 12,
2n− 20, (n, 24) = 24.
Proof. It is obvious that |Ω9| = 0when n ≡ 1 (mod 2). When n is even, we divide the setΩ9 into the following two disjoint
subsets:
Ω9,1 =

O(X) : X =

0, a, 2a,
n
2

, a ∈ Zn \ {0} and |supp(1X)| = 9

,
Ω9,2 =

O(X) : X =

0, a,
n
2
,
3n
4

, a ∈ Zn \ {0} and |supp(1X)| = 9

, if n ≡ 0 (mod 4).
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By similar analysis as that of Lemma 3.2, we have that |Ω9,i| = n − 1 − ci, i = 1, 2, where c1 is the number of integers
1 ≤ a ≤ n−1 satisfying that there is some r ∈ {6, 8} such that ra ≡ 0 (mod n), and c2 is the number of integers 1 ≤ a ≤ n−1
such that 8a ≡ 0 (mod n). By the definition ofΩ9, the conclusion then follows by detailed calculations. 
Lemma 4.6. Let n be a positive integer.
(1) If n is odd, then
|Ω10| =

(n− 1)(n− 9)
2
, (n, 105) = 1,
(n− 3)(n− 9)
2
, (n, 105) = 3,
(n− 5)2
2
, (n, 105) = 5,
(n− 3)(n− 7)
2
, (n, 105) = 7,
n2 − 12n+ 43
2
, (n, 105) = 15,
n2 − 12n+ 39
2
, (n, 105) = 21,
n2 − 10n+ 37
2
, (n, 105) = 35,
n2 − 12n+ 55
2
, (n, 105) = 105.
(2) If n is even, then
|Ω10| =

(n− 2)(n− 12)
2
+ δ1, (n, 840) = 2, 10, 14, 70,
(n− 4)(n− 12)
2
+ δ2, (n, 840) = 4, 6, 28,
(n− 8)2
2
+ δ3, (n, 840) = 8, 20, 30, 40, 42, 56, 140, 210, 280,
(n− 8)(n− 10)
2
+ δ4, (n, 840) = 12, 24, 60, 84, 120, 168, 420, 840,
where
δ1 =

0, (n, 840) = 2,
6, (n, 840) = 14,
8, (n, 840) = 10,
14, (n, 840) = 70,
δ2 =

0, (n, 840) = 4,
6, (n, 840) = 6, 28,
δ3 =

0, (n, 840) = 8, 20,
4, (n, 840) = 42,
6, (n, 840) = 30, 56, 140,
8, (n, 840) = 40,
12, (n, 840) = 210,
14, (n, 840) = 280,
δ4 =

2, (n, 840) = 12,
8, (n, 840) = 84,
10, (n, 840) = 24, 60,
16, (n, 840) = 168, 420,
18, (n, 840) = 120,
24, (n, 840) = 840.
Proof. Let θ be any orbit inΩ10. From the definition ofΩ10, θ can be expressed as θ = O(X)where X = {0, a, 2a, 2a+ b},
1 ≤ a, b ≤ n − 1 and |supp(1X)| = 10. Since 1X = {±a,±a,±2a,±(a + b),±(2a + b),±b}, the elements ±a,±2a,
±(a + b),±(2a + b), and ±b are mutually different. Equivalently, ra ≢ 0 (mod n) for r ∈ {3, 4}, b ≢ sa (mod n) for
s ∈ {−3,−4, 1, 2}, and 2b ≢ −ta (mod n) for 0 ≤ t ≤ 4. Let
D = {(a, b) : a, b ∈ [1, n− 1], ra ≢ 0 (mod n) for r ∈ {3, 4}, b ≢ sa (mod n) for s ∈ {−3,−4, 1, 2},
and 2b ≢ −ta (mod n) for 0 ≤ t ≤ 4}.
This implies that any orbit θ ∈ Ω10 can be expressed as θ = O(a, b) for some (a, b) ∈ D, where O(a, b) = O({0, a, 2a, 2a+
b}). Define a mapping τ from D toΩ10 by (a, b)→ O(a, b) for any (a, b) ∈ D. Obviously τ is a surjection from D ontoΩ10.
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For any given θ ∈ Ω10, we will compute the cardinality of τ−1(θ) ⊆ D. Suppose that θ = O(a, b) for some (a, b) ∈ D. If
(a′, b′) ∈ τ−1(θ), we then have O(a, b) = O(a′, b′) and hence∆({0, a, 2a, 2a+ b}) = ∆({0, a′, 2a′, 2a′ + b′}), which gives
a′ = ±a and {±(a+ b),±(2a+ b),±b} = {±(a′ + b′),±(2a′ + b′),±b′}. Hence, (a′, b′) = (a, b), (−a, 2a+ b), (−a,−b),
or (a,−(2a + b)). If (a′, b′) = (−a,−b) or (a,−(2a + b)), since O(a, b) = O(a′, b′) we then have {0, a, 2a, 2a + b} =
{0, a′, 2a′, 2a′ + b′} + x for some x ∈ Zn, which is impossible! This gives that τ−1(θ) ⊆ {(a, b), (−a, 2a+ b)}. On the other
hand, if (a′, b′) ∈ {(a, b), (−a, 2a+b)}, it is easy to check that τ(a′, b′) = O(a, b) and hence {(a, b), (−a, 2a+b)} ⊆ τ−1(θ).
Therefore, we have |τ−1(θ)| = 2 for any orbit θ ∈ Ω10. This gives |Ω10| = |D|/2.
Next we compute the size of |D|. Let D1 = {(a, b) : a, b ∈ [1, n − 1], ra ≢ 0 (mod n) for r = 3, 4} and D2 is the
subset of D1 such that b ≡ sa (mod n) for s ∈ {−3,−4, 1, 2}, and 2b ≡ −ta (mod n) for 0 ≤ t ≤ 4. By the definition of
D, |D| = |D1| − |D2|. Clearly we have
|D| =

(n− 1)2 − |D2|, n ≡ 1, 5 (mod 6),
(n− 1)(n− 3)− |D2|, n ≡ 3 (mod 6),
(n− 1)(n− 2)− |D2|, n ≡ 2, 10 (mod 12),
(n− 1)(n− 4)− |D2|, n ≡ 4, 6, 8 (mod 12),
(n− 1)(n− 6)− |D2|, n ≡ 0 (mod 12).
(4.2)
In the rest of the proof, our main work is to compute the size of D2. When n is odd, let M = {n/3, 2n/3} if 3|n or M = ∅
otherwise. Then D2 = {(a, b) : a ∈ [1, n − 1] \ M, b ∈ Ha} where Ha = [1, n − 1] ∩ {a,−a, 2a,−2a,−3a,−4a, (n −
a)/2, (n − 3a)/2} for a ∈ [1, n − 1] and a is odd; or Ha = [1, n − 1] ∩ {a,−a, 2a,−2a,−3a,−4a,−a/2,−3a/2} for
a ∈ [1, n− 1] and a is even. It is easy to prove that for any a ∈ [1, n− 1] \M
|Ha| =
4, 5a ≡ 0 (mod n),
6, 7a ≡ 0 (mod n),
8, otherwise.
Note that 5a ≡ 0 (mod n) and 7a ≡ 0 (mod n) imply that 5|n and 7|n, respectively. Hence, we have
|D2| =

a∈[1,n−1]\M
|Ha| =

8(n− 1), (n, 105) = 1,
8(n− 3), (n, 105) = 3, 5
8n− 20, (n, 105) = 7,
8(n− 5), (n, 105) = 15,
8n− 36, (n, 105) = 21, 35,
8n− 52, (n, 105) = 105.
Combining with formula (4.2), the conclusion then follows for the odd case of n.
When n is even, let M = { n2 , n3 , 2n3 , n4 , 3n4 }. Then D2 = {(a, b) : a ∈ [1, n − 1] \ M, b ∈ Ha} where Ha = [1, n − 1] ∩{a,−a, 2a, − 2a,−3a,−4a, n/2, n/2− a, n/2− 2a} for a ∈ [1, n− 1] \M and a is odd; or Ha = [1, n− 1] ∩ {a,−a, 2a,
−2a,−3a,−4a, n/2,−a/2, (n− a)/2,−3a/2, (n− 3a)/2, n/2− a, n/2− 2a} for a ∈ [1, n− 1] \M and a is even. It is not
difficult to show that if a ∈ [1, n− 1] \M and a is odd
|Ha| =

5, 3a ≡ n
2
(mod n),
7, 4a ≡ n
2
(mod n),
9, otherwise,
or if a ∈ [1, n− 1] \M and a is even
|Ha| =

9, 5a ≡ 0 (mod n) or 3a ≡ n
2
(mod n),
11, 7a ≡ 0 (mod n) or 4a ≡ n
2
(mod n),
13, otherwise.
Note that 3a ≡ n2 (mod n), 4a ≡ n2 (mod n), 5a ≡ 0 (mod n), and 7a ≡ 0 (mod n) imply that 6|n, 8|n, 5|n, and 7|n,
respectively. Also, note that there are n/2 odd integers and n/2− 1 even integers in [1, n− 1]. We just set two examples, if
(n, 840) = 2, thenn/2 is odd and [1, n−1]\M = [1, n−1]\{n/2}, and |D2| =a∈[1,n−1]\M |Ha| = 9×( n2−1)+13×( n2−1) =
11n−22.When (n, 840) = 8, then [1, n−1]\M = [1, n−1]\{n/2, n/4, 3n/4}, and if ni/8 ≡ 1 (mod 2) for i ∈ {1, 3, 5, 7},
then |D2| =a∈[1,n−1]\M |Ha| = 7×4+9× ( n2 −4)+13× ( n2 −1−3) = 11n−60. If ni/8 ≡ 0 (mod 2) for i ∈ {1, 3, 5, 7},
then |D2| =a∈[1,n−1]\M |Ha| = 11× 4+ 9× ( n2 )+ 13× ( n2 − 1− 7) = 11n− 60. Hence if (n, 840) = 8, |D2| = 11n− 60.
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The other cases are similarly considered but more complicated. Calculations show that
|D2| =

a∈[1,n−1]\M
|Ha| =

11n− 22, (n, 840) = 2,
11n− 44, (n, 840) = 4,
11n− 56, (n, 840) = 6, 28,
11n− 60, (n, 840) = 8, 20,
11n− 38, (n, 840) = 10,
11n− 78, (n, 840) = 12,
11n− 34, (n, 840) = 14,
11n− 94, (n, 840) = 24, 60,
11n− 72, (n, 840) = 30, 56, 140,
11n− 76, (n, 840) = 40,
11n− 68, (n, 840) = 42,
11n− 50, (n, 840) = 70,
11n− 90, (n, 840) = 84,
11n− 110, (n, 840) = 120,
11n− 106, (n, 840) = 168, 420,
11n− 84, (n, 840) = 210,
11n− 88, (n, 840) = 280,
11n− 122, (n, 840) = 840.
Combining the formula (4.2), the conclusion then follows for the even case of n. 
Lemma 4.7. Let n be a positive integer. Then
|Ω11| =

0 (n, 2) = 1,
(n− 2)(n− 10)
4
, (n, 24) = 2,
(n− 4)(n− 12)
4
, (n, 24) = 4,
(n− 6)2
4
, (n, 24) = 6,
(n− 8)2
4
, (n, 24) = 8, 12,
n2 − 16n+ 80
4
, (n, 24) = 24.
Proof. It is obvious |Ω11| = 0 when (n, 2) = 1. Next consider the even case of n. From the definition of Ω11, any orbit
θ ∈ Ω11 can be expressed as θ = O(X) where X = {0, a, b, n2 }, a ≠ b ∈ Zn \ {0} and |supp(1X)| = 11. Since 1X ={±a,±b,±(b − a),±( n2 − a),±( n2 − b),± n2 }, the formula |supp(1X)| = 11 is equivalent to that 4a ≢ 0 (mod n), 4b ≢
0 (mod n), 4b ≢ 2a (mod n) and 2b ≢ ra (mod n) for r ∈ {−2, 2, 4}. Let
E = {(a, b) : a, b ∈ [1, n− 1], 4a ≢ 0 (mod n), 4b ≢ 0 (mod n), 4b ≢ 2a (mod n), 2b ≢ ra (mod n)
for r ∈ {−2, 2, 4}}.
This gives that any orbit θ ∈ Ω11 can be expressed as θ = O(a, b) for some (a, b) ∈ E, whereO(a, b) = O({0, a, b, n2 }). Define
a mapping τ from E toΩ11 by (a, b)→ O(a, b) for any (a, b) ∈ E. Obviously τ is a surjection from E ontoΩ11. For any given
θ ∈ Ω11, we will compute the cardinality of τ−1(θ) ⊆ E. Suppose that θ = O(a, b) for some (a, b) ∈ E. If (a′, b′) ∈ τ−1(θ),
we then haveO(a, b) = O(a′, b′) and hence {0, a, b, n2 } = {0, a′, b′, n2 }+x for some x ∈ Zn. Clearly, x ∈ {0, n/2, a, b}. If x = a,
then {0, b, n2 } = {a+ a′, a+ b′, a+ n2 } and hence a+ n/2 ∈ {0, b, n2 }, which is impossible because (a, b) ∈ E. That is x ≠ a
and similarly x ≠ b. We must have x = 0, or n/2, this gives (a′, b′) ∈ B(a, b) where B(a, b) = {(a, b), (b, a), (a+ n/2, b+
n/2), (b + n/2, a + n/2)}. Hence τ−1(θ) ⊆ B(a, b). On the other hand, if (a′, b′) ∈ B(a, b), obviously τ(a′, b′) = O(a, b)
and hence B(a, b) ⊆ τ−1(θ). Therefore, we have |τ−1(θ)| = 4 for any orbit θ ∈ Ω11. This gives |Ω11| = |E|/4.
Next we compute the size of set E. Let E1 = {(a, b) : a, b ∈ [1, n − 1], 4a ≢ 0 (mod n)} and E2 is the subset of E1 such
that 4b ≡ 0 (mod n), 4b ≡ 2a (mod n) and 2b ≡ ra (mod n) for r ∈ {−2, 2, 4}. By the definition of E, |E| = |E1| − |E2| and
hence we have
|E| =

(n− 1)(n− 2)− |E2|, n ≡ 2 (mod 4),
(n− 1)(n− 4)− |E2|, n ≡ 0 (mod 4). (4.3)
The rest of the proof is to determine the value of |E2|. Ifn ≡ 2 (mod 4), then E2 = {(a, b) : a ∈ [1, n−1]\U, b ∈ Ra}where
U = {n/2} and Ra = [1, n−1]∩ {a,−a, 2a, n/2, n/2− a, n/2+ a, n/2+2a, (n+2a)/4, (3n+2a)/4} for a ∈ [1, n−1] \U
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and a is odd; or Ra = [1, n− 1] ∩ {a,−a, 2a, n/2, n/2− a, n/2+ a, n/2+ 2a, a/2, (n+ a)/2} for a ∈ [1, n− 1] \ U and a
is even. Hence, for any a ∈ [1, n− 1] \ U , we have
|Ra| =

5, 6a ≡ 0 (mod n),
9, otherwise.
If n ≡ 0 (mod 4), then E2 = {(a, b) : a ∈ [1, n − 1] \ U, b ∈ Ra} where U = { n2 , n4 , 3n4 } and Ra = [1, n − 1] ∩{a,−a, 2a, n/2, n/4, 3n/4, n/2 − a, n/2 + a, n/2 + 2a} for a ∈ [1, n − 1] \ U and a is odd; or Ra = [1, n − 1] ∩
{a,−a, 2a, n/2, n/4, 3n/4, n/2− a, n/2+ a, n/2+ 2a, a/2, (n+ a)/2, (n+ 2a)/4, (3n+ 2a)/4} for a ∈ [1, n− 1] \ U and
a is even. Then it is not difficult to show that if a ∈ [1, n− 1] \ U and a is odd
|Ra| =

7, 4a ≡ n/2 (mod n),
9, otherwise,
or if a ∈ [1, n− 1] \ U and a is even
|Ra| =
9, 6a ≡ 0 (mod n),
11, 4a ≡ n/2 (mod n),
13, otherwise.
By similar arguments as that of |D2|, we then have
|E2| =

a∈[1,n−1]\U
|Ra| =

9n− 18, (n, 24) = 2,
11n− 44, (n, 24) = 4,
9n− 34, (n, 24) = 6,
11n− 60, (n, 24) = 8, 12,
11n− 76, (n, 24) = 24.
Combining the formula (4.3), the conclusion follows. 
Theorem 4.8. Let n be an odd positive integer. Then
Φ(n, 4, 1, 3) =

(n− 1)(n− 9)(n− 11)
24
−∆1, (n, 105) = 1, 5, 7, 35,
(n− 3)(n− 9)2
24
−∆2, (n, 105) = 3, 15, 21, 105,
where
∆1 =

0, (n, 105) = 1,
4, (n, 105) = 5,
2, (n, 105) = 7,
6, (n, 105) = 35,
∆2 =

0, (n, 105) = 3,
4, (n, 105) = 15,
2, (n, 105) = 21,
6, (n, 105) = 105.
Proof. From Lemma 2.4,Φ(n, 4, 1, 3) = Φ(n, 4, 2, 3)−|Ω(1)|, where |Ω(1)| =11i=6 |Ωi| = |Ω6|+|Ω8,1|+|Ω8,2|+|Ω10|
by Lemmas 4.1–4.7. The values of |Ω6|, |Ω8,1|, |Ω8,2| and |Ω10| are from Lemmas 4.1, 4.3, 4.4 and 4.6, respectively.
Combining with the case of odd n in Theorem 3.4, the conclusion follows after detailed computations. 
Theorem 4.9. Let n be an even positive integer. Then
Φ(n, 4, 1, 3) =

(n− 2)(n2 − 25n+ 162)
24
−∆3, (n, 840) = 2, 10, 14, 70,
(n− 4)(n2 − 23n+ 144)
24
−∆4, (n, 840) = 4, 8, 20, 28, 40, 56, 140, 280,
(n− 6)(n2 − 21n+ 102)
24
−∆5, (n, 840) = 6, 30, 42, 210,
(n− 12)(n2 − 15n+ 72)
24
−∆6, (n, 840) = 12, 24, 60, 84, 120, 168, 420, 840,
where
∆3 =

0, (n, 840) = 2,
4, (n, 840) = 10,
2, (n, 840) = 14,
6, (n, 840) = 70,
∆5 =

0, (n, 840) = 6,
4, (n, 840) = 30,
2, (n, 840) = 42,
6, (n, 840) = 210,
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∆4 =

0, (n, 840) = 4,
4, (n, 840) = 8, 20,
2, (n, 840) = 28,
8, (n, 840) = 40,
6, (n, 840) = 56, 140,
10, (n, 840) = 280,
∆6 =

0, (n, 840) = 12,
4, (n, 840) = 24, 60,
2, (n, 840) = 84,
8, (n, 840) = 120,
6, (n, 840) = 168, 420,
10, (n, 840) = 840.
Proof. From Lemma 2.4, Φ(n, 4, 1, 3) = Φ(n, 4, 2, 3) − |Ω(1)|, where |Ω(1)| = 11i=6 |Ωi| and |Ω8| = |Ω8,1| + |Ω8,2|.
The values of theseΩis are taken from Lemmas 4.1–4.7. Combining with the case of even n in Theorem 3.4, the conclusion
follows by detailed calculations. 
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